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Young’s modulusAbstract In this paper, deﬂection prediction of a cantilever beam subjected to static co-planar
loading is investigated using the Differential Transformation Method (DTM) and the Homotopy
Perturbation Method (HPM). An axial compressive force, FA, and a transverse force, QA, are
applied to the beam. It is considered that these forces are follower forces, i.e., they will rotate with
the end section of the beam during the deformation, and they will remain tangential and perpendic-
ular at all times, respectively. Comparison between DTM and HPM through numerical results dem-
onstrates that DTM can be an exact and highly efﬁcient procedure for solving these kind of
problems. Also the inﬂuence of the effect of some parameters appeared in mathematical formula-
tions such as area moment of inertia (I), Young’s modulus (E), transverse force (QA) and compres-
sive force (FA) on slope variation are investigated in the present study. The results show that slope
parameter as well as compressive force increases. By increasing the QA, slope parameter is increased
signiﬁcantly. By increasing the E, due to stiffness of the material, slope variation is decreased. It is
evident that when the size of the beam section increases, the area moment of inertia (I) will be
increased and so the slope variation will be decreased.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Housing and Building National Research
Center.Introduction
Most scientiﬁc problems in solid mechanics are inherently non-
linear by nature, and, except for a limited number of cases,
most of them do not have analytical solutions. Accordingly,
the nonlinear equations are usually solved using other methods
including numerical techniques or by using analytical methods
such as Homotopy Perturbation Methods. Therefore, obtain-
ing analytical limit state functions or using analytical tech-
niques to obtain reliability index for nonlinear problems is
almost impossible. Analytical methods which recently are
Nomenclature
E Young’s modulus
H DTM transformed of g(s)
I area moment of inertia
L un-deformed length
FA compressive force
QA transverse force
s arc length parameter
x Cartesian coordinate – beam length direction
xA x at beam end
y Cartesian coordinate – beam thickness direction
yA y at beam end
g slope parameter
h slope of normal to beam cross section relative to x
axis
hA normal slope at the end section
Fig. 1 The geometry of a cantilever beam subjected to
non-conservative external loading (follower forces).
192 M. Hatami et al.widely used are one of the simple and reliable methods for the
solving system of coupled nonlinear differential equations.
Following this two applicable analytical methods named the
Homotopy Perturbation Method (HPM) and the Differential
Transformation Method (DTM) are introduced.
HPM is an effective and convenient method for both linear
and nonlinear equations. This method does not depend on a
small parameter. This method was applied for many nonlinear
problems some of which are introduced in [1–4]. Roozi et al. [5]
used HPM to solve nonlinear parabolic–hyperbolic partial dif-
ferential equations and presented examples of one-dimension
and two-dimensions to show the ability of the method for such
equations. Ganji and Sadighi [6] applied HPM for solving non-
linear heat transfer and porous media equations also they
introduced HPM to obtain the exact solutions of linear and
nonlinear Schro¨dinger equations [7]. Sadighi and Ganji [8]
obtained the exact solutions of the Laplace equation with
Dirichlet and Neumann boundary conditions using HPM.
Ziabakhsh and Domairry [9] have studied the natural convec-
tion of a non-Newtonian ﬂuid between two inﬁnite parallel
vertical ﬂat plates and the effects of the non-Newtonian nature
of ﬂuid on the heat transfer by HPM. Ganji et al. [10] consid-
ered two known nonlinear systems which are different in phe-
nomena but same in practice. The resulted nonlinear
differential equation was separately solved by using the
HPM and compared with numerical solution. Also Khavaji
et al. [11] applied HPM for ﬁnding the large deﬂections subject
in compliant mechanisms.
The differential transform method (DTM) is based on the
Taylor expansion. It constructs an analytical solution in the
form of a polynomial. It is different from the traditional high
order Taylor series method, which requires symbolic computa-
tion of the necessary derivatives of the data functions. This
method was ﬁrst applied in the engineering domain by Zhou
[12] and its abilities have attracted many authors to use this
method for solving nonlinear equations. Following this some
of these works are introduced. Ghafoori et al. [13] solved a
nonlinear oscillation equation using DTM and as an important
result, they revealed that the DTM results are more accurate in
comparison with those obtained by HPM and VIM. Ravi
Kanth and Aruna [14] solved linear and nonlinear Klein–Gor-
don equations by DTM. Biazar and Eslami [15] considered
DTM to solve the quadratic Riccati differential equation.
Their results derived by differential transform method were
compared with the results of the homotopy analysis method
and the Adomian decomposition method and it was shown
that DTM used for quadratic Riccati differential equation
was more effective and promising than the homotopy analysismethod and the Adomain decomposition method. Gokdogan
et al. [16] acquired an approximate analytical solution of the
chaotic Genesio system by the modiﬁed differential transform
method. Ayaz [17] has studied the two-dimensional differential
transform method of solution of the initial value problem for
partial differential equations (PDEs). Gorji et al. [18] used
DTM for illustrating the efﬁciency of air-heating solar
collectors.
In this paper, HPM and DTM are applied for the ﬁrst time
to analytically obtain the slope variation of a beam subjected
to co-planer loading. As an important result, it is depicted that
the DTM results are more accurate in comparison with those
obtained by HPM. After this veriﬁcation, the effects of some
physical applicable parameters are investigated to show the
efﬁciency of DTM for these type of problems.
Mathematical formulation
A cantilever beam OA is subjected to co-planar loading con-
sisting of an axial compressive force FA and of a transverse
force QA (Fig. 1). FA and QA are follower forces, i.e., they will
rotate with the end section A of the beam during the deforma-
tion, and they will at all times remain tangential and perpen-
dicular, respectively, to the deformed beam axis. It is
assumed that the effect of the material nonlinearity is negligi-
ble in the mathematical derivation. Therefore, at any point of
coordinates x(s), y(s) the external moment M is expressed as
[19]:
M ¼ ðFA cos hA þQA sin hAÞðyA  yÞ þ ðFA sin hA þQA
 cos hAÞðxA  yÞ ð1Þ
where x, y are the longitudinal and transverse coordinates,
respectively, q is the slope of the normal to the beam cross
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mal slope at the end section. The classical Euler–Bernoulli
hypothesis assumes that the bending moment M at any point
of the beam is proportional to the corresponding curvature i.e.
M ¼ EIh0 ð2Þ
where E is Young’s modulus, and I is the area moment of iner-
tia of the beam cross section about the x axis. By using the
following relations:
dx
ds
¼ cos h; dy
ds
¼ sin h ð3Þ
and based on the trigonometric relations and by substituting
Eqs. (2) and (3) into Eq. (1), the nonlinear differential equation
governing the problem is obtained as follows:
@2g
@s2
þ FA
EI
sinðgðsÞÞ þQA
EI
cosðgðsÞÞ ¼ 0 ð4Þ
The boundary conditions associated with the above
equation are,
gð0Þ ¼ 0; g0ðLÞ ¼ 0 ð5Þ
where,
g ¼ h hA ð6Þ
Using only the two terms of a Taylor’s series expansion for
cos(g(s)) and sin(g(s)), and substituting in Eq. (4) yields:
@2g
@s2
þ FA
EI
gðsÞ  1
6
g3ðsÞ
 
þQA
EI
1 1
2
g2ðsÞ
 
¼ 0 ð7ÞTable 1 Some fundamental operations of the differential
transform method.
Origin function Transformed function
x(t) = af(x) ± bg(t) X(k) = aF(k) ± bG(k)
xðtÞ ¼ dmfðtÞdtm XðkÞ ¼ ðkþmÞ!FðkþmÞk!
x(t) = f(t) g(t) XðkÞ ¼Pk
l¼0
FðlÞGðk lÞ
x(t) = tm XðkÞ ¼ dðkmÞ ¼ 1; if k ¼ m;
0; if k–m:

x(t) = exp(t) XðkÞ ¼ 1k!
x(t) = sin(xt+ a) XðkÞ ¼ xkk! sin kp2 þ a
	 

x(t) = cos(xt+ a) XðkÞ ¼ xkk! cos kp2 þ a
	 
Analytical methods and applications
Differential Transformation Method (DTM)
In this section the fundamental basic of the Differential Trans-
formation Method is introduced. For understanding method’s
concept, suppose that x(t) is an analytic function in domain D,
and t = ti represents any point in the domain. The function
x(t) is then represented by one power series whose center is
located at ti. The Taylor series expansion function of x(t) is
in the form of:
xðtÞ ¼
X1
k¼0
t tið Þk
k!
dkxðtÞ
dtk
 
t¼ti
8t 2 D ð8Þ
The Maclaurin series of x(t) can be obtained by taking
ti= 0 in Eq. (8) expressed as:
xðtÞ ¼
X1
k¼0
tk
k!
dkxðtÞ
dtk
 
t¼0
8t 2 D ð9Þ
As explained in [12] the differential transformation of the
function x(t) is deﬁned as follows:
XðkÞ ¼
X1
k¼0
Hk
k!
dkxðtÞ
dtk
 
t¼0
ð10Þ
where X(k) represents the transformed function and x(t) is
the original function. The differential spectrum of X(k) is con-
ﬁned within the interval t 2 ½0;H, where H is a constant value.
The differential inverse transform of X(k) is deﬁned as
follows:xðtÞ ¼
X1
k¼0
t
H
 k
XðkÞ ð11Þ
It is clear that the concept of differential transformation is
based upon the Taylor series expansion. The values of function
X(k) at values of argument k are referred to as discrete, i.e.
X(0) is known as the zero discrete, X(1) as the ﬁrst discrete,
etc. The more discrete available, the more precise it is possible
to restore the unknown function. The function x(t) consists of
the T-function X(k), and its value is given by the sum of the
T-function with (t/H)k as its coefﬁcient. In real applications,
at the right choice of constant H, the larger the values of
argument k the discrete of the spectrum reduces rapidly. The
function x(t) is expressed by a ﬁnite series and Eq. (11) can
be written as:
xðtÞ ¼
X1
k¼0
t
H
 k
XðkÞ ð12Þ
Some important mathematical operations performed by
differential transform method are listed in Table 1.
Application of DTM
Now Differential Transformation Method (DTM) is applied
from Table 1 into Eq. (7) for ﬁnd g(s). So:
ðkþ 1Þðkþ 2ÞHðkþ 2Þ þ FA
EI
HðkÞ
 FA
EI
 
1
6
 Xk
k1¼0
Xk1
l¼0
HðlÞHðk1 lÞHðk k1Þ
þQA
EI
d½k  QA
EI
 
1
2
 Xk
l¼0
HðlÞHðk lÞ ¼ 0 ð13Þ
where,
d½k ¼ 1 if k ¼ 0
0 if k–0

ð14Þ
Similarly, the transformed form of boundary conditions
(Eq. (5)) can be written as:
Hð0Þ ¼ 0;Hð1Þ ¼ a ð15Þ
in which the boundary condition of this case is the same as in
the previous case. By solving Eq. (13) and using boundary
conditions Eq. (15), the DTM terms for this case for
194 M. Hatami et al.FA = 300 KN, QA = 350 KN, E= 40 GPa and I= 1.6 ·
105 m4 can be:
Hð2Þ ¼ 0:2734375000
Hð3Þ ¼ 0:7812500000a
Hð4Þ ¼ 0:1068115234þ 0:02278645833a2
Hð5Þ ¼ 0:005645751950aþ 0:003906250000a3
ð16Þ
etc.
Now by applying Eq. (11) in to Eq. (16), and using Eq. (15)
the constant parameter ‘‘a’’ will be obtained so the slope
parameter equation will be estimated:
gðsÞ ¼ a  s 0:2734375000s2  0:07812500000a  s3
þ ð0:01068115234þ 0:02278645833a2Þs4
þ ð0:005645751950aþ 0:003906250000a3Þs5
þ ð0:0005145867667 0:003916422527a2Þs6
þ ð0:0008974756514a 0:0001828632660a3Þs7
þ ð0:00006135087461þ 0:0001701215902a2
þ 0:0001335144043a4Þs8 ð17Þ
By using boundary condition in s= 1, the ‘a’ parameter
will be determined as:
a ¼ 0:6310718570 ð18Þ
and by substituting it into Eq. (17), g(s) will be found as:
gðsÞ ¼ 0:6310718570s 0:2734375000s2
 0:04930248883s3 þ 0:01975589785s4
 0:002581135196s5  0:001045135118s6
þ 0:0005204134364s7 þ 0:00002757630897s8 ð19ÞHomotopy Perturbation Method (HPM)
In this section, Homotopy Perturbation Method is applied to
the discussed problem. To illustrate the basic ideas of this
method, the following nonlinear differential equation is
considered:
AðuÞ  fðrÞ ¼ 0; r 2 X ð20Þ
With boundary conditions of:
B u;
@u
@n
 
¼ 0; r 2 C ð21Þ
where A(u) is deﬁned as follows:
AðuÞ ¼ LðuÞ þNðuÞ ð22Þ
By the homotopy technique, we construct a homotopy as
v(r,p): X · [0,1]ﬁ which satisﬁes:
Hðm; pÞ ¼ ð1 pÞ½LðmÞ  Lðu0Þ þ p½AðmÞ  fðrÞ ¼ 0
P 2 ½0; 1; r 2 X ð23Þ
or:
Hðm; pÞ ¼ LðmÞ  Lðu0Þ þ pLðu0Þ þ p½NðmÞ  fðrÞ ¼ 0 ð24Þ
Obviously, using Eq. (23) we have:
Hðm; 0Þ ¼ LðmÞ  Lðu0Þ ¼ 0;Hðm; 1Þ ¼ AðmÞ  fðrÞ ¼ 0: ð25Þwhere p 2 ½0; 1 is an embedding parameter and u0 is the ﬁrst
approximation that satisﬁes the boundary condition. The
process of changes in p from 0 to unity is that of m(r,p) chang-
ing from u0 to u(r). We consider m, as the following:
m ¼ m0 þ pm1 þ p2m2 þ p3m3 þ . . . ð26Þ
and the best approximation for the solution is:
u ¼ lim
p!1
¼ m ¼ m0 þ m1 þ m2 þ . . . ð27ÞApplication of HPM
According to the Homotopy Perturbation Method (HPM), we
construct a homotopy. Suppose the solution of Eq. (7) has the
form:
Hðg; pÞ ¼ ð1 pÞ @
2g
@s2
þ FA
EI
ðgðsÞÞ
 
þ p @
2g
@s2
þ FA
EI
gðsÞ  1
6
g3ðsÞ
 
þQA
EI
1 1
2
g2ðsÞ
 
¼ 0 ð28Þ
It is considered that:
gðsÞ ¼ g0ðsÞ þ pg1ðsÞ þ p2g2ðsÞ þ . . . ¼
Xn
i¼0
pigiðsÞ ð29Þ
By substituting g from Eq. (29) into Eq. (28) and some sim-
pliﬁcation and rearranging based on powers of p-terms, we
have:p0 : FAg0ðsÞ
EI
þ d2g0ðsÞ
ds2
¼ 0
g0ð0Þ ¼ 0; g00ðLÞ ¼ 0
ð30Þ
p1 : FAg1ðsÞ
EI
þ QA
EI
þ d2g1ðsÞ
ds2
 1
2
QAg
2
0
ðsÞ
EI
 1
6
FAg30ðsÞ
EI
¼ 0
g1ð0Þ ¼ 0; g01ðLÞ ¼ 0
ð31Þ
p2 : FAg2ðsÞ
EI
þ d2g2ðsÞ
ds2
 QAg0ðsÞg1ðsÞ
EI
 1
2
FAg20ðsÞg1ðsÞ
EI
¼ 0
g2ð0Þ ¼ 0; g02ðLÞ ¼ 0
ð32Þ
p3 : FAg3ðsÞ
EI
þ d2g3ðsÞ
ds2
 1
2
FAg0ðsÞg21ðsÞ
EI
 1
2
QAg
2
1
ðsÞ
EI
 QAg0ðsÞg2ðsÞ
EI
 1
2
FAg20ðsÞg2ðsÞ
EI
¼ 0
g3ð0Þ ¼ 0; g03ðLÞ ¼ 0
ð33Þ
Solving Eqs. (30)–(33) with boundary conditions for L= 1,
we have:
g0ðsÞ ¼ 0 ð34Þ
g1ðsÞ ¼
sin s
ﬃﬃﬃﬃ
FA
pﬃﬃ
E
p ﬃ
I
p
 
sin
ﬃﬃﬃﬃ
FA
pﬃﬃ
E
p ﬃ
I
p
 
QA
cos
ﬃﬃﬃﬃ
FA
pﬃﬃ
E
p ﬃ
I
p
 
FA
þ
cos s
ﬃﬃﬃﬃ
FA
pﬃﬃ
E
p ﬃ
I
p
 
QA
FA
QA
FA
ð35Þ
g2ðsÞ ¼ 0 ð36Þ
etc.
Deﬂection prediction of a cantilever beam 195With include Eqs. (30)–(33) and Eqs. (34)–(36) in Eq. (29)
and insert FA = 300 KN, QA = 350 KN, E= 40 GPa and
I= 1.6 · 105 m4 solution is as follows:
gðsÞ ¼ ð0:7060861184Þ sinð0:6846531969sÞ
 ð0:1123593318Þ cosð0:6846531969sÞ
þ ð0:2888947394Þ  ð0:2205266417Þ
 cosð1:369306394s 1:369306394Þ
 ð0:3307899626Þ cosð1:369306394
þ 0:6846531969sÞ  ð0:3307899626Þ
 cosð0:6846531969s 1:369306394Þ
 ð0:4529528108ÞðsÞðsinð0:6846531969s
 1:369306394ÞÞ  ð0:4529528108ÞðsÞ
 ðsinð0:6846531969sÞÞ ð37ÞFig. 2 Comparison of Slope parameter for HPM, DTM and
Numerical solution when, (I) FA = 400 KN, QA= 450 KN, E=
40 GPa & I= 7 · 105 m4. (II) FA = 300 KN, QA = 350 KN,
E= 40 GPa & I= 1.6 · 105 m4. (III) FA = 100 KN, QA =
50 KN, E= 109 Pa & I= 104 m4. (IV) FA = 100 KN,
QA = 100 KN, E= 10
9 Pa & I= 104.
Table 2 Comparison between HPM, DTM and numerical s
I= 1.6 · 105 m4.
s g(s)Numerical g(s)HAM [19,21] g(s)HPM
0.1 0.06036251 0.06034326 0.06035369
0.2 0.11498708 0.11495123 0.11497007
0.3 0.16364459 0.16356398 0.16362082
0.4 0.20614594 0.20615968 0.20611719
0.5 0.24233792 0.24234267 0.24230515
0.6 0.27209923 0.27215896 0.27206024
0.7 0.29533656 0.29535986 0.29528238
0.8 0.31198116 0.31195631 0.31189042
0.9 0.32198607 0.32195632 0.32181657
1 0.32532409 0.32501035 0.32500059Fourth-order Runge–Kutta numerical method
It is obvious that the type of the current problem is the bound-
ary value problem (BVP) and the appropriate method needs to
be chosen. The available sub-methods in the Maple 15.0 are a
combination of the base schemes; trapezoid or midpoint
method. There are two major considerations when choosing
a method for a problem. The trapezoid method is generally
efﬁcient for typical problems, but the midpoint method is also
capable of handling harmless end-point singularities that the
trapezoid method cannot. The midpoint method, also known
as the fourth-order Runge–Kutta–Fehlberg method, improves
the Euler method by adding a midpoint in the step which in-
creases the accuracy by one order. Thus, the midpoint method
is used as a suitable numerical technique in the present study [20].
Results and discussion
Deﬂection of a cantilever beam subjected to static co-planar
loading by two analytical methods called HPM and DTM
and the fourth order Runge–Kutta numerical method is inves-
tigated in the present study. For showing the efﬁciency of these
analytical methods, Fig. 2 is presented. As seen in most cases
of these ﬁgures, HPM and DTM have an excellent agreement
with numerical solution but in some cases (for example when
FA = 100 KN, QA = 100 KN, E= 10
9 Pa & I= 104 m4
see Fig. 2) the accuracy of the DTM is greater than HPM.
Table 2 compared the results of the HPM and DTM with
the numerical procedure and the Homotopy Analysis Method
(HAM) which are presented by [19,21] when FA = 300 KN,
QA = 350 KN, E= 40 GPa and I= 1.6 · 105 m4. These
data and calculated errors conﬁrm that these two analytical
methods are suitable and semi-exact for solving these kinds
of problems. In the following step, effect of some parameters
appeared in the mathematical formulation such as area mo-
ment of inertia (I), Young’s modulus (E), transverse force
(QA) and compressive force (FA) on slope variation are inves-
tigated. Selected values for showing the variation of these
parameters are considered according to the mean value of
stress limit state concluded from [19]. These mean values are
presented in Table 3.
Effect of compressive force (FA) on slope parameter, g(s), is
presented in Fig. 3. As seen in this ﬁgure, slope parameter in-
creases as well as compressive force increases. Variation of
slope parameter based on transverse force (QA) is depicted in
Fig. 4. By increasing the QA, slope parameter is increasedolution for FA= 300 KN, QA = 350 KN, E= 40 GPa and
g(s)DTM (%) ErrorHPM (%) ErrorDTM
0.06032545 0.00014625 0.00061397
0.11491317 0.00014793 0.00064274
0.16353411 0.00014527 0.00067508
0.20599929 0.00013944 0.00071139
0.24215566 0.00013523 0.00075207
0.27188220 0.00014331 0.00079763
0.29508623 0.00018348 0.00084760
0.31170062 0.00029085 0.00089921
0.32168184 0.00052643 0.00094486
0.32500948 0.00099440 0.00096706
Table 3 Mean values for parameters according to stress limit
state presented in [19].
Parameter Mean value
Shear force (QA) 350 (KN)
Normal force (FA) 300 (KN)
Young’s modulus (E) 40 (GPa)
Area moment of inertia (I) 2.6 E  5 (m4)
Fig. 3 Effect of compressive force for QA = 350 KN,
E= 40 GPa & I= 1.6 · 105 m4.
Fig. 4 Effect of transverse force for FA = 300 KN, E= 40 GPa
& I= 1.6 · 105 m4.
Fig. 5 Effect of Young’s modulus for FA = 300 KN,
QA = 350 KN & I= 1.6 · 105 m4.
Fig. 6 Effect of area moment of inertia (I) for FA = 300 KN,
QA = 350 KN & E= 40 GPa.
196 M. Hatami et al.signiﬁcantly. From these two ﬁgures, it is evident that the ef-
fect of QA for increasing the slope parameter is more than
FA. It is due to their direction applied to the beam which as
Fig. 1 shows, QA is a shear force and exerts more effects on
the beam slope parameter. Fig. 5 shows the effect of Young’s
modulus (E) on g(s). By increasing the E, due to stiffness of thematerial, slope variation is decreased. It is evident that when
the size of the beam section increases, the area moment of iner-
tia (I) will be increased, so the slope variation will be de-
creased. This fact is presented by Fig. 6.
Conclusion
In this paper, Differential Transformation Method (DTM)
and Homotopy Perturbation Method (HPM) have been suc-
cessfully applied to ﬁnd the solution of the slope parameter
of a cantilever beam subjected to co-planar loading consisting
of an axial compressive force and a transverse force. Obtained
solutions revealed that DTM and HPM can be simple, power-
ful and efﬁcient techniques for ﬁnding analytical solutions of
Deﬂection prediction of a cantilever beam 197these kinds of physical problems with nonlinear differential
equations. The results show that increasing the Young’s mod-
ulus and moment of inertia decreased the slope variations but
increasing each of the transverse or compressive forces
increased it.
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